
4.6 – Singularities and 
Resonance Free Regions
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Recall: Theorem 3.10

• 𝑐𝑜𝑚𝑝
∞ ௡ . For any 𝑐

∞ ௡ , get constants 
depending on with

• 𝑉 𝐿2→𝐻 𝑗
𝑗−1 𝑇 𝐼𝑚 𝜆 −

• For 0
1

𝑑𝑖𝑎𝑚 𝑠𝑢𝑝𝑝 𝑉

• In particular, there are finitely many resonances in the region
•

• Now: want to make this region arbitrarily large.



Theorem 4.41 (non-trapping estimates for 
smooth potentials)
• Suppose 𝑐

∞ 𝑛

𝑉
2 −1

, .

• For any 0 such that 
𝑉 𝑐𝑜𝑚𝑝

2
𝑙𝑜𝑐
2 continues 

holomorphically to
• 𝑀

0

• And , for any 𝑐
∞ 𝑛 there are

1 with

• 𝑉 𝐿2→𝐿2 1
−1 𝑇(ℑ𝜆)−



Proof Outline

1. From spectral theorem, use wave propagator to rewrite resolvent
2. this expression is only valid for
3. Use cutoffs to make integrals converge
4. add correcting factors to get approximate resolvent
5. use Nuemann series to get final resolvent
6. establish bounds on norms to get result.



Proof – Wave Propagator 

• Let 𝑉
sin 𝑡 −Δ+V

−Δ+𝑉
2 𝑛 1 𝑛

• So ௏ ௧
ଶ

௏ ௏ ௧

• Then ௏
௜ఒ௧ஶ

଴ ௏

• This is true for , so we gotta use a bunch of cutoff functions.



Proof – Wave propagator cutoff

• Let ௏
ୱ୧୬ ௧ ି୼ା୚

ି୼ା௏
ଶ ௡ ଵ ௡

• So ௏ ௧
ଶ

௏ ௏ ௧

• Let: ௔ ௔
௜ఒ௧

௏ ௔
ஶ

଴
ଶ ௡ ଶ ௡

• with ௔ ௖
ஶ , ௔

• ௔
ஶ with ௔ for ௔ and ௔ for 

௔



Proof – Wave propagator cutoff

• Let: 𝑎 𝑎
𝑖𝜆𝑡

𝑉 𝑎
∞

0
ଶ ௡ ଶ ௡



Proof – does  work?

• ௔ ௔
௜ఒ௧

௏ ௔
ஶ

଴
ଶ ଶ

• −Δ + 𝑉 − 𝜆ଶ 𝑅௔
෪ 𝜆 𝑔 = ∫ 𝑃௏𝜁௔ 𝑥, 𝑡 𝑒௜ఒ௧𝑈௏ 𝑡 χ௔𝑔 𝑥 𝑑𝑡

ஶ

଴
+ ∫ −𝜆ଶஶ

଴
𝜁௔ 𝑥, 𝑡 𝑒௜ఒ௧𝑈௏ 𝑡 χ௔𝑔 𝑥 𝑑𝑡

• ∫ −𝜆ଶஶ

଴
𝜁௔ 𝑥, 𝑡 𝑒௜ఒ௧𝑈௏ 𝑡 χ௔𝑔 𝑥 𝑑𝑡 = ∫ (𝜕௧

ଶ𝑒௜ఒ௧)𝜁௔𝑈௏ 𝑡 χ௔𝑔 𝑥 𝑑𝑡
ஶ

଴

• = 𝜕௧𝑒௜ఒ௧ 𝜁௔𝑈௏ 𝑡 𝜒௔𝑔 𝑥 ห
௧ୀ଴

௧ୀஶ
− 𝑒௜ఒ௧ 𝜕௧ 𝜁௔𝑈௏ 𝑡 𝜒௔𝑔 𝑥 ห

௧ୀ଴

௧ୀஶ
+ ∫ 𝑒௜ఒ௧𝜕௧

ଶ 𝜁௔𝑈௏ 𝑡 χ௔𝑔 𝑥 𝑑𝑡
ஶ

଴

• = χ௔𝑔 + ∫ 𝑒௜ఒ௧𝜕௧
ଶ 𝜁௔𝑈௏ 𝑡 χ௔𝑔 𝑥 𝑑𝑡

ஶ

଴



Proof – does work?

• ௔ ௔
௜ఒ௧

௏ ௔
ஶ

଴
ଶ ଶ

• Therefore:
• 2

𝑎 𝑎
𝑖𝜆𝑡

𝑉 𝑡
2∞

0 𝑎 𝑉 𝑎

• 𝑎
𝑖𝜆𝑡∞

ିஶ 𝑎

• where 𝑎 𝑉 𝑡
2

𝑎 𝑉 𝑎
2 2

• will show integral converges and ௔
ஶ ଶ ଶ



Proof – modify 

• Now let 𝑎
# 𝑖𝜆𝑡

𝑎 𝑉 𝑎
∞

0 𝑎
∞

−∞

• −Δ + 𝑉 − 𝜆2 ∫ 𝑒𝑖𝜆𝑡∞

−∞
𝑊𝑎 𝑡 𝑔 𝑥 𝑑𝑡 = ∫ 𝑒𝑖𝜆𝑡∞

−∞
𝑃𝑉 𝑊𝑎 𝑡 𝑔 𝑥 𝑑𝑡 + ∫ 𝜕𝑡

2𝑒𝑖𝜆𝑡 𝑊𝑎 𝑡 𝑔 𝑥 𝑑𝑡
∞

−∞

• 𝑖𝜆𝑡∞

−∞ 𝑉 𝑡
2

𝑎

• 𝑖𝜆𝑡∞

−∞ 𝑎
𝑖𝜆𝑡∞

−∞ 𝑡
2

𝑎

• Let’s force 𝑡
2

𝑎 𝑎 with compact support 
properties.



Proof – construct 

• Let’s force ௧
ଶ

௔ ௔ with compact support 
properties.

• Want ௧
ଶ

௔ ௔ ௔ ௧ ௔

• Just let ௔ ଴
௧

଴ ௔

• turns out that 𝑊௔ 𝑡 𝑔 𝑥 ∈ 𝐶ஶ ℝ௧, 𝐿ଶ ℝ௡ and 𝑠𝑢𝑝𝑝 𝑊௔ 𝑡 𝑔 ⊂ { 𝑥 + 𝑇௔ ≤ 𝑡 ≤
𝑥 + 𝐶௔}

• get compact support in time, so we can take Fouier transform.



Proof – finalize 

• 𝑎
# 𝑖𝜆𝑡

𝑎 𝑉 𝑎
∞

0 𝑎
∞

−∞

• We get:
• −Δ + 𝑉 − 𝜆2 𝑅𝑎

# 𝜆 𝑔 = 𝜒௔𝑔 + ∫ 𝑒௜ఒ௧ஶ

ିஶ
𝐹௔ 𝑡 𝑔 𝑥 𝑑𝑡

• + ∫ 𝑒௜ఒ௧ஶ

ିஶ
𝑉 𝑥 𝑊௔ 𝑡 𝑔 𝑥 𝑑𝑥 + ∫ 𝑒௜ఒ௧ஶ

ିஶ
−Δ + 𝜕௧

ଶ 𝑊௔ 𝑡 𝑔 𝑥 𝑑

• = χ𝑎𝑔 + 𝑉 ∫ 𝑒𝑖𝜆𝑡∞

−∞
𝑊𝑎 𝑡 𝑔 = χ𝑎𝑔 + χ𝑎𝐾𝑎 𝜆 𝑔 = χ𝑎 𝐼 + 𝐾𝑎 𝜆 [𝑔]

• If ௔ has small norm, then we get:

• ଶ
௔
#

௔
ିଵ

௔

• So ௔
#

௔
ିଵ

௔



Proof – fill in gaps

• Gaps to fill:
1. Prove Fourier transforms are defined and have desired mapping properties

2. Prove norm bound on ௔ so ௔
ିଵ

is defined
3. Prove norm bound on ௔

# which give norm bounds on ௏

௔
#

௔
ିଵ

௔

௔
# ௜ఒ௧

௔ ௏ ௔

ஶ

଴
௔

ஶ

ିஶ



Proof – Key part of proof!
• Why is ∫ 𝑒௜ఒ௧𝐹௔ 𝑡 𝑔

ஶ

଴
=

∫ 𝑒௜ఒ௧(𝑃௏+𝜕௧
ଶ)

ஶ

଴
ζ௔𝑈௏ 𝑡 χ௔𝑔 𝑦 dt

smooth in time?

• Key: 𝑠𝑢𝑝𝑝𝑈௏ 𝑡,⋅ ⊂ 𝑥, 𝑦 : 𝑥 − 𝑦 ≤ 𝑡
and 

• 𝒔𝒊𝒏𝒈𝒔𝒖𝒑𝒑 𝑼𝑽 𝒕,⋅ = { 𝒙, 𝒚 : 𝒙 − 𝒚 =
𝒕 } (theorem E.47)

• 𝑠𝑢𝑝𝑝 𝑃௏ + 𝜕௧
ଶ , 𝜁௔ ⊂ { 𝑥 + 𝑇௔ ≤ 𝑡 ≤

𝑥 + 𝑇௔ + 1} ≡ 𝐴

• Now if 𝑡, 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝑠𝑢𝑝𝑝 𝜒௔, then 
𝑥 − 𝑦 ≠ |𝑡|

• therefore 𝐹௔ 𝑡 ∈ 𝐶ஶ ℝ; ℒ 𝐿ଶ, 𝐿ଶ and 
compact support in time.



Proof

• Why is ௔
ஶ

ିஶ
defined?

• Recall ௔ ଴ ௔
ஶ

ିஶ

௧

଴

• by regularity and support of ௔ , get ௔
ஶ ଶ

• by a non-trivial argument, ௔ ௔ ௔



Norm Estimates

• Bound ௔
௜ఒ௧ஶ

ିஶ ௔

• ௔ ଴
௧

଴ ௔

• ௔
ஶ ଶ ଶ

• ௔ ௖
ஶ ଶ ଶ for any ௖

ஶ ௡

• ௜ఒ௧ஶ

ିஶ ௔
௅మ ே

ିே ஼భ ℑఒ ష



Norm estimates

• By previous slide, get ௔ ௅మ→௅మ ே
ିே ஼భ ℑఒ ష

ଵ

ଶ
• for ெ ଴

• ௔ ௔
#

௔
ିଵ

• ௔
# ௜ఒ௧

௔ ௏ ௔
ஶ

଴ ௔
ஶ

ିஶ
• bound the second term by the same estimate from the previous slide
• bound the first term by using ௏ ௧ ௏ ௅మ→௅మ



Non-Trapping

• Definition (Non-trapping black box)
• Given is a black box Hamiltonian (self-adjoint operator on a Hilbert 

space)
• 1஻೎𝒟 ⊂ 𝐻ଶ 𝐵௖

• 1஻೎ 𝑃𝑢 = −Δ  𝑢|஻೎

• 𝑣 ∈ 𝐻ଶ ℝ௡ ,  𝑣|஻ ଴,ோబାఢ ≡ 0 then 𝑣 ∈ 𝒟

• 1஻ 𝑃 ℎ + 𝑖 ିଵ is compact

• P is nontrapping if for some and for all ଴ ௔ such 
that for all ௖

ஶ
஻ ଴,ோబାఢ

• Then 
ୱ୧୬ ௧ ௉

௉ ௧வ்ೌ

ஶ
௔



Non-Trapping

• P is nontrapping if for some and for all 0 𝑎 such 
that for all 𝑐

∞
𝐵 0,𝑅0+𝜖

• Then 
sin 𝑡 𝑃

𝑃 𝑡>𝑇𝑎

∞
𝑎



Classical Trapping

• Given Riemannian metric with ௜௝
௜௝ ௖

ஶ
଴

• classical nontrapping: ௧ →ஶ ௣
∗ ௡

• 𝐻௣ Hamiltonian for 𝑝 𝑥, 𝜉 = ∑𝑔௜௝𝜉௜𝜉௝, 𝜋: 𝑇∗ℝ௡ → ℝ௡ natural projection

• Implies for all , get ௔ with ௔ then 
௣

• by propagation of singularities: for all ௖
ஶ and get: 

sin 𝑡 −Δ𝑔

−Δ𝑔

∞
𝑎

2 𝑛 𝑁 𝑛



Propagation of singularities (idea)

• singularities encoded in wavefront set ௛
∗ ௡

• ଶ
௧
ଶ ଶ ଶ

௣ ௦

• If ௦ ଴ ଴ ௛ for and ଴ ଴ ௛ then 
் ଴ ଴ ௛

• then if , we get that singularities of are contained on 
the cone, propagating due to 



Theorem 4.43 (Non-trapping estimates for 
black box Hamiltonians
• Given non-trapping black box Hamiltonian with 𝑐𝑜𝑚𝑝

𝑙𝑜𝑐 the meromorphically continued reslovent 
• Then for all , 0 such that is holomorphic in 𝑀

0

• Also for all 𝑐
∞ 𝑛 , near 0 there exist 1 with

• ℋ→ℋ 1
−1 𝑇 ℑ𝜆 −, 𝑀



Proof – cutoff the propagator

• Let , ௔ ௖
ஶ 1 on , ௔

ஶ

௡ with
• ௔

௖
௔ ௔

• ௔ ℝ×஻ ଴,ோబାఢ ௔
଴

௖
ஶ

௔ ଴ ௔ ଴

• Lemma: ௔ ௔
ஶ

• proof: uses nontrapping assumption and more cutoff functions.



Proof – create 

• Let ௔
ஶ

• ௔ ௫ வோబାଶఢ
௔

௔

• ௔ ௫ ழோబାଶఢ ௔
଴ ଴ ௔

଴ ௔

• Claim: ௔ ௧
ଶ

௔ ௔
ஶ

భ

మ

• this follows from the previous lemma



Proof - Create 

• Let ௕ ௖
ஶ with ௕ near ଴ and ௔ on 

௕, then construct ௔ so that:
• ௧

ଶ
௔ ௕ ௔ ௔

• It will turn out that:
• ௔ ௔ ௔

• ௔
ஶ

௧

భ

మ



Proof – Approximation of Resolvent

• Let ௖ ௖
ஶ near ଴ , ௕ on ௖

• Let ௔
# ௜ఒ௧

௔ ௔
ஶ

଴
௜ఒ௧

௖ ௔
ஶ

ିஶ

• By computation ଶ
௔
#

௔ ௔

• with ௔
௜ఒ௧ஶ

ିஶ ௕ ௔ ௖ ௔

• Then ௔ ௔
#

௔
ିଵ



Theorem 4.44 (resonance expansion for non-
trapping black box Hamiltonians)
• Given a non-trapping black box Hamiltonian, and solves

• ௧
ଶ

଴ ௖௢௠௣

భ

మ
௧ ଵ ௖௢௠௣

• then for all 

𝑤 𝑡 = ෍ ෍ 𝑡௟𝑒ି௜ఒೕ௧𝑓௝,௟ + 𝐸஺(𝑡)

௠ೃ ఒೕ ିଵ

௟ୀ଴ఒೕ∈ோ௘௦ ௉

ℑఒೕவି஺

• where the sum is finite, ௟ ି௜ఒೕ௧
௝,௟ ஺

௠ೃ ఒೕ ିଵ

௟ୀ଴ ఓୀఒೕ ଵ

଴
ି௜ఒఓ

• ௝
௟ାଵ

௝,௟

• and there is a control on the error.


