4.6 — Singularities and
Resonance Free Regions

Izak



Recall: Theorem 3.10 &’ a ¢

\ {{(L

(L
*V € Viomp(R™,C),n = 3,0dd. Forany p € C°(R"), get constants

A, C, T depending on p with
— .
* llpRypll 2oy < CIAP UMM j = 0,1,2
PRy P2,y ] 1 —
cForimA=—-A—-36log(1+ |A]),|A] > Cy, 6 < T (oarp )
* In particular, there are finitely many resonances in the region ] //
(LA >—-A—-8log(1+ A} ( H\
 Now: want to make this region arbitrarily large. /:%\




Theorem 4.41 (non-trapping estimates for
smooth potentials)

» Suppose V € C°(R™, @),n > 3,0dd,
1
Ry(A) = (-A+V—-2%) ,31>0.

* Forany M > 0,3 C; such that
Ry (): L2y = Lio. continues
holomorphically to

-(QM:z{/le(C:i"sA>
~Mlog|2l, [21 > Cy)

* And, for any x € C.°(R™) there are
Cl,T with

* [IxRyDxll 2,2 < Cy|A|~LeTR-




Proof Outline

From spectral theorem, use wave propagator to rewrite resolvent
this expression is only valid for 34 > 0

Use cutoffs to make integrals converge

add correcting factors to get approximate resolvent

use Nuemann series to get final resolvent

o s W e

establish bounds on norms to get result.



Proof — Wave Propagator

. L sin(t\/—A+V) 12 1
Let Uy (t) == N : L4(R™) - H*(R") L
* So (P, + 02)Uy, = 0,U,(0) = 0,0,U(0) =1 J

* This is true for 34 > 0, so we gotta use a bunch of cutoff functions.



Proof — Wave propagator cutoff \

cC Blo (™
“’\7?\‘ ' J

| /\éa\z\ on SO
e Let Uy (t) = S‘“(t_“A‘f;V) . [2(R™) - H1(RM)

* So (P, + 02)Uy, = 0,U,(0) = 0,0,U(0) =1

s Let: Ry(Dg = [i (a(x, D™ Uy (Dxag) () dt : L*(R™) — L*(R™)

~— e @ @ -

* with y, € C°(B(0,a)), xoaV =V

* (,(x,t) EC®with{, =1fort < |x|+T,and {, = 0fort = |x| +

T, +1 Lo




Proof — Wave propagator cutoftf

» Let: R,(Dg = [ {u(x, De™ Uy () [Xag] (x)dt : L (R™) - L2 (R™)



Proof — does R, (1) work?

*Rag = [, Calx, U, (Dxag](x)dt: L2 - L2

* (A4 V =R = [} Prlalr XUy (OXag ()de + [} =% 4 (6, 0 Uy () [ag] (x) e
T [ 0 06 (D)) () = [P (02 aUy () Xag) ()

¢ = (0.0 Uy (O Xag) @], = (€23 (Caly (D xag] @), + [ €07 (CaUy (Dxeg](x))dt

© = Xag + Iy €0 (Gally (Dlxag] () dt



Proof —does R, (A) work?

y—
s Ra()g = [, 1 (x, e Uy (D) [xag] (x)dt : L2 > L2
e Therefore:
* =Xag + [ €M E(D)[g](x)dt

T
» where F,(t) = (Py + 07 )(Q Uy () [Xa ‘D (x): L? - L
» will show integral converges and F, (t) € C*(R; L(L?, L?))
DO Awrn ok Dqrhett) A% € { (o) = Kir e B lieT i



Proof — modify R, -

L L

+ Now let RE (1) g = [ e, (x, Uy (O)xagl Gt + [ 72 W, (6)[g] ()t

(U 22) [ et w,(0)[gleodt = [ e Py (W, (#)[gl(x))dt + [ (at ‘“)W (t)[g](x)dt

=L MO e e b

= %, e® VoW, (0[gl()dx + 7, e (—4 + 07 )W, (O)[g]()dt
* Let’s force (—A + a,?)wa (t) [g] (x) = —E, (1)) [g] with compact support

properties.




Proof — construct W, (t)

e Let’s force (—A + 02)W, () [g](x) = —F,(t)[g] with compact support

properties.
* Want (—A + atZ)Wa(t) = —F,(t), W,(0) = 9:W,(0) =0

+ Just let W, (D)[g](x) = — [ Up(t — 5,%,9) [Fa(s)[g]] (v)dyds

* turns out that [W,(t)g](x) € C°°(]Rt, LZ(]R")) and supp[Wa(t)[g]] c{lx|+T, <t<
x| + Cq} R

* get compact support in time, so we can take Fouier transfo'm.\ %.0)

|




\ A
Proof — finalize R}

(NP
\‘(\t_

*REQ)G = J; €0, (x, Uy (D Xag)()dt + [ Wo () [g] ()t
* We get:

s (—A+V =) (REWG) =Fag + o ™ F(Dg](x) -
© ol © (A(D(B\t &
* o+ [, e VW @lgl@dx + [, e (-4 + 0T (D)[g)(x)d "

© =X AV %, " Wa(®)lg]= Xad + XaKa WG] = Xa(1 + Ka(D)Ig]
e If K, (1) hassthall norm, then we get:

e (—A+V =R+ K,(D) " [g] = Xag
-1
So R + kW) = ROz,

()

1 7




Proof —fill in gaps

* Gaps to fill:

1. Prove Fourier transforms are defined and have desired mapping properties

2. Prove norm bound on K, (A) so (I + I(a(/l))_1 is defined
3. Prove norm bound on R¥(1) which give norm bounds on Ry, (1)

RED(I+KD) ™ =RMxa_

R = [ €™, Oy Olkag) 0t + [CWa@lglde
° —— e )




Proof —Key part of proot! ———

o Wi Tpeele —A 4\ 43;
* Why is Jo eMFE (t)g =
Jy e Py +08) €aUv (D xag] 0))dt

B a- [0 2 W0 Ly

- —"

* Key: suppUy (t,) € {(x,y):|x —y| <t} + o4
and = K (///4 y \qj QA\)U)%c‘A
singsupp Uy(t,) = {(x,): [x — y| = » N s
|t|} (theorem E.47) AP R = ’ \\)u,\() U\\} () U(ch) ‘B‘jﬂ

“hsupp[(Py + 02), ] c {Ix| + T, <t < S e .

le‘l'Ta‘l'l}EA\V - | “wb—xhé% e, Q‘:a’

smooth in timex

* Now if (t,x) € Aand y € supp y,, then
lx =yl # |¢]

« therefore F, (t) € C*(R; £L(L? L?)) and
compact supportin time.



Proof
o s

* Whyis [~ W, (t) g dt defified?

t ~00
+ Recall W (D[g](x) = — [; [, U(t = 5,2, 9)[Fa()[g]] dyds
e by regularity and support of F, (t), get W,(t)g € C* (R, L?)
* by a non-trivial argument, supp W, (t)g c {|x| + T, <t < |x| + C,}



UHY)  Gow  didnladin

Norm Estimates o
ue & c=- Q(Dz@(ﬂ—wv

» Bound Ko (1) =V [~ e Wo(O)[g]()dx i
* [Wa(t)gl(x) = —f Uo(t = 5,%,) [Fa()g] (0)dyds 460~ ~Mc)
* F,(s) € C°(R, L(L?, L?))
- YW, (t) € C2((0,), L(L? L?)) for any y € C°(R™)
AGIN dt” < Cy{A)y NeC1BA-

9(

e




Norm estimates
SN o 1
* By previous slide, get ||K,(1)]| ;22 < Cy{1)NeCiBD- < E
e forA€Qy ={1€C:31> —Mlog|l|, |A| > Cy}
* RMxa = RED (I + K, (D)~
* Rﬁ(/l) lg] = foojiiu(a(x: Uy (0 [Xeg9](x)dt + f_oooo Wa(®)gl(x)dt

* bound the second term by the same estimate from the previous slide
* bound the first term by using Uy, (t), 9. Uy (t) = O(exp C|t|),2_,,2




wued ol

Non-Trapping s

B Boss) T - O\ BGR)
* Definition (Non-trapping black box)

e Given P is a black box Hamiltonian (self-adjoint operator on a Hilbert
space)

e 1pcD c H3(B®) -

© 1pe(Pu) = —A(ulpe) —

« v EH*RM),vlgRr,+e) =0 thenv e@
« 15(P(h) +i)~1is compact__

* Piis nontrapping if P = —C for some C and foralla > Ry, 3 T, such
that forall y € C§°(B(O, a)),)(lB(O,ROJFE) =1

sin\(/tﬁ\/ﬁ))( = COO((Ta, 0); L(H, D))

* Then y

t>T,



Non-Trapping

* Pis nontrapping if P = —C for some C and foralla > Ry,3 T, such
that for all y € Cfo(B(O, a)),)(lB(O,ROJFE) =1
sin(t\/ﬁ)

* Then y

x| €C%((Ty ); L(H, D))

P
\/

t>T,




Non—

Classical Trapping @

* Given Riemannian metric g with g/ — 5;j € C°°(B(O RO))

* classical nontrapping: lim¢|_,., T(exp (th(x, E)) =V (x,&) ET*R"\ ©

* Hy, Hamiltonian for p(x,¢) = Zgijfifj, m: T*R™ — R"™ natural projection S

 Implies for alla > 0, get T, with |x| < a,p(x, &) = 1, |t| > T, then @
o((exp tH) (. E)] > a L/
s by propagatlon of singularities: for all y € C°°(B(O a)) and N > 0 get:
/ X(sm(tJ 7)

0o e 2 n N n
mr) x € 7 (T o), L RY), HY (RY) TR

L vz &\ J€temn -y
N ) ?S . \A ) ~ (L ,(/VaXJ, P E, - NSl -4
\ e
Qb:Eu fect D\/: Py Vo (A Sl £ £, _—c: Lteco
'(\,w\ Sbl\,cs[QLL_Aa\MGCM % (- x| lL

Dl

OE-W" [E.-



Propagation of singularities (idea) ld. =

e singularities encoded in wavefront set WF,, (u) c T*R"

* P =h%(0Z —A) » p=—1%+|¢|*> > exp(sHy) = ¢s

o If ps(xg,&y) € WF,(Pu) fors € (0,T) and (xy, &g) € WF,(u) then
b1 (x0,&0) € WFy(u)

* then if Pu = §(t)d(x), we get that singularities of u are contained on
the cone, propagating due to ¢



Theorem 4.43 (Non-trapping estimates for
black box Hamiltonians

* Given P non-trapping black box Hamiltonian with R(4): H¢ppy —
D,,. the meromorphically continued reslovent

* Then for all M, 3 Cy such that R(A) is holomorphicin ), =
{1 € C:31>—-Mlogl|A|, |1] > Cp)

* Also forall y € C°(R™), x =1 near B(0, Ry) there exist C{, T with
YR xll3o3c < C11A 71T, 2 € Qy



Proof — cutoff the propagator

* Let supp x € B(0,a), xo € C(B(0,a)) 1 on supp x, Pq € C°(R X
R™) with

csupp P, N{RX B} c{(t,x): x|+ T, <t<|x|+T,+1}

* YalrxB(O,Ry+e) = Ya(t) € CO(Ty+ Ry, Tu+ Ry + 1)

* Lemma: @l;(t)lie C°°(/I/R;L(_}[,D))

* proof: uses nontrapping assumption and.more cutoff functio%
-~




Proof — create F, (t)

*Llet{, EC”
1t<|x|+T,
* alx, t)||x|>R0+26 = {O t>|x|+T,+1

.
1t<Ry+e+T

. 707y — 110 a
(a(x; t)||x|<Ro+26 — (a(t — 10 t > RO + e+ Ta +1

1
« Claim: E, (£) = [(32 + P), 2, ]U(®)w, € ¢ (R £(3¢,D3))
* this follows from the previous lemma



Proof - Create W, (t)

* Let y, € C°(B(0,a)) with y, = 1 near B(0,Ry) and y, = 1 on
suppyxp, then construct W, (t) so that:

* (0F + W, (1) = —(1 = xp)F, (D), W,(t) =0, = 0
|t will turn out that:
« supp[W, () gl(x) c {(x,t): x| + T, <t < |x| + Cg}

W (g1 € ¢ (R, D3)



Proof — Approximation of Resolvent

* Llet y. € C§°(B(O, a)), 1 near B(0,Ry), xp = 1 on supp x.
s Let RE(D) = [" e M U)o dt + [ e (1 — x )W, (b) dt
* By computation (P — A2)R* (1) = )(a(l + Ka(/l))

» with K, (1) = [__ e™ x, Fy () + [4, x W, (8))dt
* ThenR(A)y, = Rﬁ(/l)(l + Ka(/D)_l



Theorem 4.44 (resonance expansion for non-
trapping black box Hamiltonians)

* Given P a non-trapping black box Hamiltonian, and w(t) solves
1

» (82 + P)w(t) = 0,w(0) = wy € D), 3w(0) = wy € Heomp
 thenforallA > 0,

mR(Aj)—l

w(t) = z z tle_i/ljtfj,l + E4 (1)
AjERes(P) =0
Sﬂj>—A

A)- ”
e where the sum is finite,Z;?:f)( )= tle ™ ™Mitf, + E (t) = Resy=, ((iR(,u)Wl +
IR(Wywo)e™H )
1+1

*(P=24) flu=0
* and there is a control on the error.



